The number of disjoint cocircuits in a matroid is bounded by its rank. There are, however, matroids with arbitrarily large rank that do not contain two disjoint cocircuits; consider, for example, M(K n ) and U n,2n . Also the bicircular matroids B(K n ) have arbitrarily large rank and have no 3 disjoint cocircuits. We prove that for each k and n there exists a constant c such that, if M is a matroid with rank at least c, then either M has k disjoint cocircuits or M contains a U n,2n -, M(K n )-, or B(K n )-minor.
Introduction
We prove the following theorem.
Theorem 1.1. There exists a function γ : N

→ N such that, if M is a matroid with no U n,2n -, M(K n )-, or B(K n )-minor and r(M) γ (k, n), then M has k disjoint cocircuits.
Here M(K n ) is the cycle matroid of K n , B(K n ) is the bicircular matroid of K n (to be defined below), and N denotes the set of positive integers.
A circuit-cover of a graph G is a set X ⊆ E(G) such that G − X has no circuits. Thus the maximum number of (edge-)disjoint circuits in a graph is bounded by the minimum size of a circuit cover. This bound is not tight (consider K 4 ), but Erdös and Pósa in [3] proved that the maximum number of disjoint circuits is qualitatively related to the minimum size of a circuit cover.
Erdös-Pósa Theorem 1.2. There is a function c : N → N such that, for any graph G, either G has k disjoint circuits or G has a circuit-cover of size at most c(k).
✩ This research was partially supported by a grant from the Natural Sciences and Engineering Research Council of Canada. Let M be a matroid. A set X ⊆ E(M) intersects each circuit of M if and only if E(M) − X is independent. So a minimal circuit-cover of M is a basis of M * and, hence, the minimum size of a circuit-cover is r(M * ). Dually, the minimum size of a "cocircuit-cover" in a matroid M is equal to r(M). The Erdös-Pósa Theorem was generalized to matroids by Geelen, Gerards, and Whittle [4] who proved the following theorem. The result does not extend to all matroids; there exist matroids with arbitrarily large rank that have no two disjoint cocircuits. Matroids with no two disjoint cocircuits are referred to as round.
Equivalently, a matroid is round if each of its cocircuits is spanning. The matroid U r,n , where n 2r −1 is round. Also, for any positive integer n, M(K n ) is a round matroid. Note that, for a simple graph G, the matroid M(G) is round if and only if G is a complete graph.
Let G = (V , E) be a loopless graph. Define a matroid B(G) on V ∪ E where V is a basis of B(G) and, for each edge e = uv of G, place e freely on the line spanned by {u, v}. Now B(G) := B(G)\V is the bicircular matroid of G. Bicircular matroids obtain their name from the graphical description of their circuits; see [8, Prop. 12. 1.6] . It is easy to verify that B(K n ) is round. The bicircular matroid B(K n ) is not round, but it has no three disjoint cocircuits.
Our main theorem, Theorem 1.1, is a generalization of Theorem 1.3 and is, in some sense, best possible. Note that the matroids in each of the classes Our proof of Theorem 1.1 is based, in part, on the techniques developed in [4] . We follow the notation of Oxley [8] .
Preliminaries
For a matroid M, we denote by Θ(M) the maximum number of disjoint cocircuits in M. So, M is round if and only if Θ(M) = 1. The rank-deficiency of a set of elements The following result lists hereditary properties of the two parameters; we omit the elementary proof.
Lemma 2.1. Let e be an element of a matroid M. Then (i) Θ(M/e) Θ(M) and Γ (M/e) Γ (M). (ii) if e is not a coloop, then Θ(M\e) Θ(M) and Γ (M\e) Γ (M).
The following lemma gives a sufficient condition for equality in (ii).
Lemma 2.2. Let X be a set of elements in a matroid M such that M| X is uniform and |X| 2r M (X). Then, for any e ∈ X, we have Θ(M\e) = Θ(M) and Γ (M\e) = Γ (M).
Proof. Let k = r M (X). Now consider any cocircuit C of M\e. Note that either C or C ∪ {e} is a cocircuit of M. We claim that:
is a hyperplane and, hence, it can contain at most k − 1 elements of X . Therefore |X ∩ C | k and, hence, e ∈ cl M (C), as claimed.
Suppose that C is a cocircuit of M\e with def elements. Kung [6] extended this bound to the class of matroids with no U 2,q+2 -minor (the shortest line not representable over GF(q)). (Kung) . Let q > 1 be an integer and let M be a simple rank-r matroid with no U 2,q+2 -minor.
Theorem 2.4
This bound is attained by a projective geometry when q is a prime power. Excluding uniform matroids of larger rank will clearly not yield analogous bounds on the number of elements, so we introduce a new measure of size. 
Since M has no U k,2k -restriction for k = 2, . . . , a, Lemma 2.5 gives
Putting these together, we get |E( 
Let a a be minimum such that there exists a rank-a set X ⊆ X 1 with |X| = m a . If a = 0, then
Lemma 2.5, M| X contains a U a ,n -restriction. 2
Building density
The first step in the proof of the main theorem is to show that a matroid of large enough rank has either k disjoint cocircuits or a large minor that is nearly round. Proof. Let g be given and define f g as follows:
The proof is by induction on k. If r(M) 1, then M has a cocircuit, so the result holds for k = 0, 1.
Now let k 2 and r(M)
. If M/C has the desired contraction minor, then we are done. If not, then by induction M/C has k − 1 disjoint cocircuits. These, together with C , give k disjoint cocircuits of M. for each i ∈ {a, . . . ,k}. . Moreover, C is a cocircuit of minimum size in N, so each rank-a flat of N has size at most |E(N)
The following lemma is the main result of this section.
Lemma 3.3. There exists an integer-valued function
Proof. We define the value δ(λ, a, b) using the functions σ and f g n defined in Lemmas 2.7 and 3.2.
Now define a sequence of functions g n : N → N. Let g 0 (m) = 0, and for n 1 define g n recursively by
We first prove the following claim. 
Claim. For any n 0, if M is a matroid with no U a+1,b -minor such that r(M) g n (Γ (M)), then either
Proof of Claim.
Observe that, we lose no generality in replacing contraction-minor with minor in outcome (ii). We will prove this weaker version of the claim by induction on n. The case n = 0 is trivial, so assume n 1 and that the result holds for n − 1. Note that, by Lemma 2.3 and by possibly deleting elements from M, we may assume that M is a-simple.
Let C 1 be a minimum size cocircuit of M, let Y be a basis of M/C 1 , and let
So, by Lemma 3.1, we have one of the following two cases. 
as required.
In this case the claim easily follows by applying the induction hypothesis to M 2 . 2
We are now ready to prove the lemma. Note that, by Lemma 2.3 and by possibly deleting elements from M, we may assume that M is a-simple. By the claim, either we are done or we find a minor N of M and a sequence of sets C 1 , . . . , C n 0 ⊆ E(N) such that, for each i ∈ {1, . . . ,n 0 }, the set C i is a spanning cocircuit of N\(C 1 ∪ · · · ∪ C i−1 ). We may assume that each of the sets C 1 , . . . , C n 0 is independent in N and that r(N) = n 0 . Therefore
We claim that N is a-simple. Consider any restriction N|W of N, and let i be minimum such that 
and the result follows. 2
Arranging circuits
In this section we derive technical "Ramsey-like" results concerning arrangements of low rank sets in a matroid. Proof. We begin by recalling Ramsey's Theorem (see [9] Let n, r, a, b be as given. Now, let s r = 0, l r = n, and, for i = r − 1, r − 2, . . . , 1, we recursively define Let M and F be as given. Let F 0 = F and a 0 = 0. We shall iteratively construct sequences 
Choose elements e, f ∈ C n − cl M (F ). Then, for each i ∈ {1, . . . ,n − 1}, choose an element Then the restriction of M/ f \e to C 1 ∪ · · · ∪ C n is isomorphic to M(K 2,l ).
Note that r M/e, f (F ) m − 1, so the result follows by induction. 2
The following result is a direct corollary of Lemmas 4.1 and 4.2; we skip the proof. 
Building a nest
A point in a matroid is a rank-1 flat and a line is a rank-2 flat; we call a line long if it contains at least 3 points. We shall assemble many long lines in a clique-like structure. We first build intermediate structures called nests. It is easy to verify that M(K n ) is a nest; take the edges incident to a fixed vertex of K n as the joints.
For t ∈ N we say that M is t-round if Γ (M) t. Note that t-roundedness is preserved under
contractions. The main result of this section is the following.
Lemma 5.2. There exists an integer-valued function ν(n, t, a, b) such that: for any a, b, n, t ∈ N with a > b, if M is a t-round matroid with no U a+1,b -minor and r(M) ν(n, t, a, b), then M has a rank-n nest as a minor.
We obtain a nest by finding one joint at a time using the next lemma. 
To facilitate induction we prove the stronger statement:
If M is a t-round matroid with no U a+1,b -minor, r(M) ν(n, t, a, b) and B is a basis of M, then M has a rank-n nest M/Y as a minor, with joints contained in B.
The proof is by induction on n. For n = 1 the result is trivial, as any rank-1 matroid is a nest. We may assume that
It is easy to verify that N is a nest with joints {b 1 Proof. We may assume that M is simple. Let (X 1 , . . . , X k ) be a minimal a-covering of M/e by connected sets. We shall construct an a-covering of M by connected sets.
By possibly reordering the sets, we may assume that X 1 , . . . , X m have rank a + 1 in M and that X m+1 , . . . , X k have rank at most a. By Lemma 2.5,
We may assume that m 1. (N 1 ) and r(N 1 ) δ(λ, a, b) . Then, by Lemma 3.3,  there is a minor N 2 of N 1 with τ a (N 2 ) > λr(N 2 ). We may assume that Denote by C the collection of all circuits of N 3 of rank at most a + 1 containing e. For each X ∈ F and non-loop y ∈ X − {e}, since X is connected, there exists a circuit C ⊆ X containing e and y, so C ∈ C. Hence, r N 3 (C) n. In this case we are done since each of C 1 , . . . , C r 4 contains at most one element not in B. 2
Cleaning a nest
The goal of this section is to further refine nests. A Dowling clique is a matroid M with ground set {b 1 , . . . , b n } ∪ {e ij : 1 i < j n} such that {b 1 , . . . , b n } is a basis and, for each 1 i < j n, the set {b i , b j , e ij } is a triangle. We call the elements b 1 , . . . , b n the joints of M. These matroids are related to Dowling Geometries [2] .
The proof of the following theorem is based on ideas introduced by Kung [5] .
Cliques
It remains to show that any Dowling clique of sufficiently large rank contains either M(K n ) or B(K n ) as a minor. We need the following theorem of Mader [7] . Let M be a matroid and let G = (V , E) be a loopless graph. We call G a Dowling representation of M if E(M) = V ∪ E, V is a basis of M, and, for each e ∈ E with ends u and v, the set {e, u, v} is a triangle of M. The following lemma helps us to recognize graphic matroids. The result is well-known and can easily be derived from a result of Seymour [10] , we omit the proof.
Lemma 7.2. Let G = (V , E) be a simple connected graph and let M be a matroid. If G is a Dowling representation of M and V is a cocircuit of M, then M|E = M(G).
We also need to recognize bicircular matroids. The following lemma is also well-known, and again, we skip the proof.
Lemma 7.3. Let G = (V , E) be a loopless graph and let M be a matroid. If G is a Dowling representation of M and, for each circuit C in G, E(C ) is independent in M, then M|E = B(G) (in fact M = B(G)).
We are ready for the final step in the proof of the main theorem. 
Lemma 7.4. There exists an integer-valued function ψ(n) such that, if M is a Dowling clique with rank at least
ψ(n), then M contains an M(K n )-or B(K n )-minor.
